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Abstract 
The proposed approach allows formulation formulating a self-consistent problem that includes an equation, describing rotor 
dynamics, and an equation, describing the damage to the material of the rotor. It is shown that the damage to the material causes 
frequency-dependent attenuation and phase speed dispersion of elastic torsion waves, which allows for the acoustic assessment of 
the damage. The applied field of deformations, in turn, leads to damage accumulation. The resulting kinetic equation shows that 
the increase in damage has exponential character. System parameters have been assessed, which makes it possible to consider the 
accumulation of damage linearly in time. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICIE 2016. 
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1. Introduction 
Safety of machine-building facilities including electromechanical complexes is provided currently by means of 
non-destructive control methods. The acoustic method is considered as the most effective [1]. Accuracy of 
measurement of the parameters and further interpretation of the condition of constructional materials depends on 
numerous factors, including operating conditions. Durability and longevity depend on material strength in the most 
heavily loaded areas. Structural changes in metal occur during operation, and the speed of material degradation 
depends on loading conditions. Obviously, structural changes of material in continuously operated designs during 
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their diagnostics lead to essential changes in readings of instruments in comparison with calibration check of 
instruments on factory samples. 
The purpose of this paper is development of a method of acoustic instrument readings interpretation taking into 
account damage of material. 
2. Main part 
Damaged continuum mechanics has been developing intensively since the fundamental works of L.M. Kachanov 
that were generalized in the monograph [2], and of Y. N. Rabotnov generalized in the monograph [3]. The value of 
these first papers recognized nowadays as classic consists in the possibility to use a uniform scheme of damage 
presentation for description of damage in elastic and elastoplastic bodies. 
Damage is usually understood as reduction in elastic response of a body owing to a decrease in the efficient area 
transferring internal stress from one part of the body to its another part caused by emergence and development of a 
scattered area of microdefects (microcracks (elasticity), dislocations (plasticity), micropores (creep), surface 
microcracks (fatigue)) [4]. 
Damage measured indirectly (as, for example, speed, force or temperature), i.e. degradation of mechanical 
characteristics of a body, can be found as a result of analysis of reaction of a body to various external effects. 
According to experimental practice, presence of a damage area in materials can be revealed indirectly and, in part, 
quantitatively presented through decrease in speed of passing of an ultrasonic signal [5-7], reduction of elasticity 
modulus (modulus defect) [8], decrease in density (loosening) [9], change in hardness [10], drop in electric potential 
[11], drop in range of stress during a cyclic test [12, 13], acceleration of third-stage creep [14]. 
The scalar parameter of damageability Ȍ(x, t), characterizing relative density of microdefects evenly distributed 
in unit volume is used in traditional calculations as the measure of damageability in the process of deformation 
development. This parameter equals zero, when damage is not present, and is close to one at the time of damage.  
The process of accumulation of damage to material of a studied structure is calculated through successive 
solution of the kinetic damageability equation at each stage of loading. Analysis of the process of accumulation of 
damage in a structural element continues till parameter Ȍ(x, t) reaches the preset limiting value close to one.  
Let us consider a deformable rotor in which a torsion elastic wave can propagate. We show the angle of 
deflection of the rotor cross section from the equilibrium state through ĳ(x, t). We consider that the rotor is 
undergoing static or cyclic testing and damage can accumulate in its material. For description of the damage 
measure we use function Ȍ(x, t) [2, 3]. 
As a rule, in mechanics of a deformable solid body the problems of dynamics are considered separately from the 
problems of damage accumulation. For development of such methods it is usual to postulate in advance that the 
speed of an elastic wave is the given function of damage, and then experimentally define the proportionality factor.  
The phase speed of a wave (ȣp) and its attenuation are usually considered as power functions of frequency (Ȧ) 
and linear damage functions (Ȍ) [15] 
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where U
Gɋ  0  is the speed of torsion elastic wave propagation in rotor material without damage; G – shear 
modulus; ȡ – material density, h1-4 – coefficients to be experimentally determined. 
Evolution of damage is described by the kinetic equation as follows [16, 17] 
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where ı is the external effective stress. 
Function f(ı, ȥ) is most often approximated by linear dependence, sometimes by polynomial dependence [16,17]. 
Apart from its undoubted advantages (simplicity) the approach based on the assumptions (1), (2) has a number of 
disadvantages like any approach not based on mathematical models of processes and systems. 
Let us consider that the problem is self-consistent and includes, with the exception of the damage development 
equation (3), which we put as follows 
2Gt x
\ ID\ Ew w  
w w
 
  (4) 
the rotor dynamics equation 
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a, ȕ1, ȕ2 – constants characterizing material damage and links between cyclic processes and the processes of 
damage accumulation. 
Having found the solution for system (4) and (5) in the form of travelling harmonic waves u, )( kxtie | Z\ ,
 
where 
Ȧ is the cyclic frequency, k = 2ʌ/Ȝ is the wave number (Ȝ– wavelength), we come to the dispersion equation 
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It is noteworthy that equation (6) linking the space and time scales of a torsion wave contains complex 
coefficients, hence the wave will not only propagate along the core, but also attenuate in the process of propagation. 
Let us show the wave number as K = K1 + iK11 where K1 characterizes the propagation constant (vp = Ȧ/K1) – the 
wave phase speed), and K11 = Į(Ȧ) – characterizes the wave attenuation. 
The solution for algebraic equation (6) allows determination of both components of the wave number 
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(7), (8) show that presence of damage leads to dispersion, i.e. dependence of the phase speed of a torsion wave on 
frequency vp = vp(Ȧ) and to frequency-dependent attenuation K11 = K11(Ȧ). 
In a low-frequency range (Ȧ ĺ 0) the speed of the wave takes on value  
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The attenuation of the wave is proportional to the square of the frequency 
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In a high-frequency range (Ȧ ĺ) the phase speed tends to C0: vp() § C0, and the wave attenuation is 
proportional to the first power of frequency 
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i.e. the wave propagates practically without attenuation. 
Whereas in a high-frequency range 
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i.e. attenuation is the dominating factor. 
Such dependences are characteristic of many structural materials [18]. In a number of experimental works, for 
example, in [19], frequency dependencies of attenuation, along with a monotonic growth, also include extreme 
(local maximums) dependences. Mathematical models (4), (5) do not allow for description of such extremums. For 
their description, it is necessary to provide a damage area with inertial properties. It is possible, if damage is 
identified with a dislocation area possessing own frequencies [20-22]. 
Note that the imaginary part of the wave number K11 can be measured both in low-frequency and in high- 
frequency ranges, therefore introduced (4), (5) constants a, ȕ1, ȕ2 can be calculated using measured parameters 
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System (4), (5) can be reduced to one equation with regard to function Ȍ, characterizing damage 
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Equation (11) is a kinetic damage accumulation equation. Its assessment shows that increase in damage has 
exponential character. The exponent is determined by ratio (8) and only at some values of parameters this process 
can be approximated using a linear function. 
3. Conclusion 
The proposed approach allows to formulate new dependences linking equations of structural element dynamics 
and the damage kinetics of its material. It allows consideration of a problem of deformation of structural material 
and damage to it as a uniform self-consistent process. 
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